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Fig. 1. Untangling the Freedman-He-Wang knot [1994] in 3 seconds. Our method uses a sparse volume-filling energy and a specialized preconditioner, leading

to a 77x speedup compared to the Repulsive Curves [Yu et al. 2021b] algorithm that takes 230 seconds to untangle this curve.

We propose a fast, robust, and user-controllable algorithm for knot untan-

gling and volume-filling curves. We extend prior work on surface-filling

curves to the more challenging case of 3D volumes, equipped with a spe-

cialized gradient preconditioner that allows larger step sizes. Our method

exhibits orders of magnitude faster runtime than existing methods. Our

framework provides a whole new set of parameters to guide the shape of

the curve, making it ideal for interactive design applications.

CCS Concepts: • Computing methodologies → Mesh models; Mesh
geometry models; •Human-centered computing→ Interactive systems

and tools.
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1 INTRODUCTION

Repulsion and attraction can play an essential role in computational

design of curves. The Repulsive Curves algorithm [Yu et al. 2021b] re-

cently demonstrated its power to pack a curve or collection of curves

into a given volume, resulting in continuous space-filling curves
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which are useful for trajectory planning and digital fabrication (Fig-

ure 2). The same flow can be utilized to untangle knots (Figure 1),

suitable for visual understanding and computational design.

Unfortunately, the Repulsive Curves method is slow due to its

dense linear solves per iteration, and often fails altogether. Mean-

while, Noma et al. [2024] defined an alternative curve flow to pack

curves on a given surface mesh, but their method does not trivially

extend to volumetric space-filling curves, and the optimization can

be fragile (Figure 8).

We propose a fast, robust, and user-controllable geometric flow

for knot untangling and volume-filling curves.We built on the recent

surface-filling curve flow of Noma et al. [2024] and extended their

energy to the more challenging volume-filling curve flows. We begin

by reformulating their flow using the language of Sobolev spaces,

and reveal that a 5x faster convergence can be achieved using our

novel gradient preconditioning.

Each iteration of our flow only requires cheap operations like

closest point queries and sparse linear solves. This leads to a massive

speed up compared to Repulsive Curves, which requires dense linear
solves (Figures 1, 3). Furthermore, our knot untangling algorithm is

input

Fig. 2. We compute volume-filling curves through a geometric flow that

finds an equilibrium of two sparse energies.
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Ours

[Yu et al. 2021]
w/ multigrid

[Yu et al. 2021]
w/o multigrid

ms
Runtime per iteration vs. number of nodes [Yu et al. 2021] Ours

Fig. 3. Our method is orders of magnitude faster than Repulsive Curves [Yu

et al. 2021b] (left) while creating qualitatively similar results (right). The

difference is that their preconditioner is dense while ours is sparse (right
bottom).

robust, showing a 100% success rate in untangling all 228 knots in

the knot dataset [Yu et al. 2021b], in contrast to 87.7% (200/228) of

Repulsive Curves. Not only is our method fast and robust, it also

provides additional user control, such as the curve thickness (Figure

6) and the global shape of the curve (Figure 7).

We showcase the performance of our method by testing it on

curves from various contexts, and extensively evaluate our algorith-

mic choices through ablation studies on different parameters.

2 RELATED WORK

Our method addresses two main applications: knot untangling and

continuous space-filling curves. These two applications share simi-

lar requirements to keep the curve apart with a certain thickness

(Figures 2, 4). Here, we cover relevant prior works regarding them,

alongside a summary of works using gradient preconditioning in

computer graphics.

2.1 Knot Untangling

Finding the simplest configuration of a closed curve without passing

through itself is called the knot untangling problem. Solving this

problem on a discrete graph cannot be done in polynomial time

[de Mesmay et al. 2018], and the operations used in such literature

(e.g., Reidemeister moves) are non-intuitive for non-mathematicians.

Instead, continuously morphing a curve based on an energy mini-

mization flow can be a good starting point for visual understanding

and computational design.

Early methods employ repulsive potentials such as the so-called

symmetric energy [Scharein 1998] or the Möbius energy [Freedman

et al. 1994; Kusner and Sullivan 1998], but these energies require

integration over every pair of points on a curve, leading to O(𝑛2)
complexity to just integrate them. Alternatively, the SONO algo-

rithm [Pieranski 1998] seeks convergence by iteratively tightening

the knot, but this simple approach takes hours to converge [Yu et al.

2021b, Fig. 15]. Other lines of work simulate the knot-tying process

[Brown et al. 2004; Harmon et al. 2012; Kubiak et al. 2007], untan-

gle knots without optimizing the shape [Ladd and Kavraki 2004],

or train robots to untangle open knots [Sundaresan et al. 2021],

but none of them solve the problem of morphing closed curves to

untangle them.

curves stay apart with a thickness 

Repulsive curves [Yu et al. 2021]

Ours

stalls due to near-intersections

flow

flow

Fig. 4. Repulsive curves [Yu et al. 2021b] often stall when different parts of

the curve get too close to one another. Our method naturally avoids this

because the energy keeps the curve apart with a constant thickness 𝑟 .

Recently, methods based on the tangent point energy [Bartels

et al. 2017; Walker 2016; Yu et al. 2021a,b] exhibited state-of-the-art

performance in this task. Especially, the Repulsive Curves algorithm

by Yu et al. [2021b] achieved faster optimization of this energy,

thanks to their fractional Sobolev preconditioner and Barnes-Hut

approximation. However, the tangent point energy still needs to

consider every pair of points within geometric proximity and is

inherently dense. Although Yu et al. provide a hierarchical multigrid

solver that reduces the degrees of freedom, they cannot escape from

the fundamental need of dense linear solves per iteration.

We instead rely on a sparse and simple two-term energy that is

fast to evaluate, leading to orders of magnitudes faster runtime.

2.2 Continuous Space-Filling Curves

Space-filling curves fill out a 𝑑-dimensional space with a single

one-dimensional trajectory. While discrete space-filling curves only

allow nodes to lie on the grid (e.g., [Hilbert 1891; Peano 1890]), we

consider the problem of designing continuous space-filling curves
where curve nodes can be placed arbitrarily and curves have smooth

curvature (Figure 5). These patterns appear in many real-world ap-

plications, such as infill patterns for 3D printing [Liu et al. 2024;

Zhang et al. 2022], knitting [Hirose et al. 2024], sensor placement

[Sakura and Kakehi 2025], or robotic path planning [Yan andMostofi

Hilbert curve Ours

Fig. 5. Unlike Hilbert curves [Hilbert 1891], our curve fills out the space

with a smooth, singly connected trajectory without protrusions beyond the

target volume.
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Average radius of the medial sphere

Fig. 6. The energy weight 𝛼 controls the thickness of the curve 𝑟 , here

computed as the average radius of the medial sphere. We find an empirical

relation of 𝑟 = 3.36/
√
𝛼 through experiments.

2016]. These curves are also largely used for artistic creations [Ped-

ersen and Singh 2006] and mathematical visualizations [Ashton et al.

2010; Pieranski 1998; Scharein 1998].

Most widely used algorithms compute such curves by initializing

the curve based on a discrete algorithm and then relaxing it to

a smooth one. For example, traditional slicer software (e.g., Cura

[Ultimaker B.V. 2023]) slices the 3D volume into planes and places

discrete space-filling curves on it. The recent advances in multi-axis

3D printing [Dai et al. 2018; Etienne et al. 2019; Fang et al. 2020;

Liu et al. 2024; Zhang et al. 2022] have even allowed curved layers

while satisfying the fabrication constraints. Other works find an

initial Hamiltonian path from a finite set of points [Giannatsis et al.

2015], clusters [Yan and Mostofi 2016], grid cells [Cheng et al. 2020;

Joshi et al. 2019], or polygonal elements [Bedel et al. 2022; Lin et al.

2019]. While these works exhibit excellent performance for specific

tasks (e.g., 3D printing), they require complicated curve surgery to

connect the curves together, and little can be said about the topology

of the curve, such as connectivity and the knot group.

In contrast, we opt for employing a geometric flow that grows

the curve from arbitrary initializations. A geometric flow preserves

the local connectivity by definition (Figure 7), and it preserves the

knot group robustly (Figure 12).

Despite their benefit, existing geometric flows that compute space-

filling curves suffer from slow computation time [Yu et al. 2021b] or

only support 2-manifolds [Noma et al. 2024; Sharp and Crane 2018].

We build on the existing geometric flow of surface-filling curves

[Noma et al. 2024] and extend them to serve the case of volume-
filling curves. Furthermore, we provide additional parameters that

can guide the design of the curve, like the curve thickness (Figure

6) or the locality pattern (Figure 7).

2.3 Preconditioners for Geometric Optimization

In order to accelerate gradient-based geometric optimization, eval-

uating gradients in the Sobolev space instead of the normal 𝐿2

space dramatically improves speed and robustness. In computer

graphics, Sobolev preconditioners have been used for repulsive

shape optimization [Yu et al. 2021a,b], inverse rendering [Ling et al.

2022; Nicolet et al. 2021], geometric data interpolation [Wang and

Solomon 2021], cloth simulation [Wu et al. 2022], and designing

wire art [Tojo et al. 2024]. Gradient preconditioning is also showing

excellent performance in optimizing neural fields [Chng et al. 2024]

or Gaussian splats [Pehlivan et al. 2025]. Although it is well known

Input

Fig. 7. The preconditioner weight 𝜆 controls the effect of higher order

spectral components of the curve. Higher 𝜆 leads to pronounced wriggles

with local enganglements, while lower 𝜆 leads to straighter curves with

global entanglements.

that the preconditioner must match the order of the energy [Yu

et al. 2021a,b], we reveal that matching the preconditioner’s sparsity
pattern to the energy is also important for performance.

3 BACKGROUND

In what follows, let us assume that we are given an arclength

parametrized curve 𝛾 : [0, 𝑙] ↦→ R3
inside a domain Ω ⊂ R3

. Our

goal will be to find another curve 𝛾★ that fills the interior of Ω with

some radius 𝑟 ; that is, for any point 𝑝 ∈ Ω, there exists a point

𝑞 ∈ 𝛾★ such that ∥𝑝 − 𝑞∥ ≤ 𝑟 . We will do this by constructing an

energy functional 𝐸 [𝛾] and iteratively minimizing it with respect

to 𝛾 starting from some initial curve 𝛾0. We discretize these curves

with a set of straight segments 𝛾1, ..., 𝛾𝑛 ∈ R3
connecting 𝑛 nodes,

whose coordinates are stored in a vector 𝜸 ∈ R3𝑛
.

Before we dive into our method, let us first briefly cover the ideas

from existing work that we rely on.

3.1 2D Filling Curves [Noma et al. 2024]

Noma et al. [2024] formulated the problem of computing a space-

filling curve 𝛾 : [0, 𝑙] ↦→ R2
on a 2D plane by following the gradient

flow of a two-term energy

𝐸 [𝛾] = 𝐿𝛾 + 𝛼

∫
𝛾

∥𝛾 (𝑠) −𝑚+ (𝑠)∥2 + ∥𝛾 (𝑠) −𝑚− (𝑠)∥2𝑑𝑠︸                                                 ︷︷                                                 ︸
𝐸𝑀 [𝛾 ]

, (1)

where 𝐿𝛾 is the length of the

curve,𝑚+ (𝑠),𝑚− (𝑠) are the clos-
est points from 𝛾 (𝑠) to the me-

dial axis of 𝛾 , and 𝛼 is a balanc-

ing coefficient. The two points

𝑚+ (𝑠),𝑚− (𝑠) are found by “grow-

ing” a sphere along the principal

normal direction n(𝑠) and its op-

posite direction −n(𝑠) until it hits
another point on the curve (see

inset from Noma et al. [2024]), which can be denoted as

𝑚+ (𝑠) = 𝛾 (𝑠) + 𝑅+ (𝑠)n(𝑠), (2)

𝑚− (𝑠) = 𝛾 (𝑠) − 𝑅− (𝑠)n(𝑠), (3)

where 𝑅+ (𝑠), 𝑅− (𝑠) are the sizes of the spheres.
Noma et al.’s gradient flow essentially finds an equilibrium state

of this two-term energy where the variational derivative equals to

3
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zero, i.e.,

𝛿𝐸

𝛿𝛾
(𝑠) = 0 ∀𝑠 ∈ [0, 𝑙] . (4)

Although they have never explicitly derived the gradient in their

paper, let us derive it here. The first variation of the curve length

𝐿𝛾 is known to be

𝛿𝐿𝛾

𝛿𝛾
(𝑠) = − 1

𝑟 (𝑠) n(𝑠), (5)

where 𝑟 (𝑠) is the radius of curvature of 𝛾 and n(𝑠) is the principal
normal direction of 𝛾 [Devadoss and O’Rourke 2011, Section 5.5].

Regarding the second term 𝐸𝑀 ,𝑚+ (𝑠) and𝑚− (𝑠) do not vary when

we move 𝛾 because their method momentarily fixes them during

optimization. Thus, the variational derivative of 𝐸𝑀 becomes

𝛿𝐸𝑀

𝛿𝛾
(𝑠) = 2(𝛾 (𝑠) −𝑚+ (𝑠)) + 2(𝛾 (𝑠) −𝑚− (𝑠)) (6)

= 2(𝑅+ (𝑠) − 𝑅− (𝑠))n(𝑠) . (7)

By adding Eq. 5 and 6, we have

𝛿𝐸

𝛿𝛾
(𝑠) =

(
2𝑅+ (𝑠) − 2𝑅− (𝑠) − 𝛼

𝑟 (𝑠)

)
n(𝑠) . (8)

3.2 Sobolev Preconditioning

In order to find the equilibrium of Eq. 8, a naive choice would be to

follow the gradient descent flow

𝛾𝑘+1 (𝑠) = 𝛾𝑘 (𝑠) − 𝜏
𝛿𝐸

𝛿𝛾
(𝑠)︸︷︷︸

:=𝑔
𝐿2

, (9)

where 𝛾𝑘 is the curve at the 𝑘-th iteration and 𝜏 is the timestep. This

is also called 𝐿2 gradient descent because the gradient 𝑔𝐿2 satisfies

the following equation:

⟨𝑔𝐿2 , 𝜂⟩𝐿2 =
∫
𝛾

𝛿𝐸

𝛿𝛾
· 𝜂𝑑𝑠 (10)

for any 𝜂 : [0, 𝑙] ↦→ R3
, where ⟨·, ·⟩𝐿2 is the 𝐿2 inner product.

However, this only allows small steps due to the instability for

higher order spectral components. Instead, a reasonable choice is to

use the 𝐻𝑝
inner product evaluated in Sobolev space:

⟨𝑔𝐻𝑝 , 𝜂⟩𝐻𝑝 = ⟨(Δ + 𝜆𝐼 )𝑝𝑔𝐻𝑝 , 𝜂⟩𝐿2 =
∫
𝛾

𝛿𝐸

𝛿𝛾
· 𝜂𝑑𝑠, (11)

where 𝜆 is a coefficient that controls the higher-order components.

This leads to the preconditioned gradient descent flow

𝛾𝑘+1 (𝑠) = 𝛾𝑘 (𝑠) − 𝜏 (Δ + 𝜆𝐼 )−𝑝 𝛿𝐸
𝛿𝛾

(𝑠), (12)

which is typically discretized as

𝜸𝑘+1 = 𝜸𝑘 − 𝜏 (L + 𝜆M)−𝑝g, (13)

where M is the mass matrix, L is the discrete Laplacian, and g =

∇𝐸 (𝜸 ) is the pointwise gradient of the energy.
In fact, the quasi-Newton preconditioner used in Noma et al.

[2024] takes exactly the same form, where 𝑝 = 1, 𝜆 = 𝛼 ,M ∈ R2𝑛×2𝑛

Quasi-Newton [Noma et al. 2024] with small stepsize
slow convergence

14.3 seconds
1376 iterations

numerically unstable
(did not converge)Quasi-Newton [Noma et al. 2024] with large stepsize

faster convergence while staying stable
Our preconditioning  with large stepsize 3.0 seconds

192 iterations

flow

Fig. 8. The quasi-Newton scheme used in Noma et al. [2024] is slow with a

small step size, but unstable with a large one. Our medial sphere precondi-
tioning stays stable even at larger 𝜏 , leading to faster convergence.

is a diagonal matrix that stores the average length of the incident

edges, and

L =

[
L̃

L̃

]
∈ R2𝑛×2𝑛

(14)

is the curve Laplacian that has

L̃𝑖 𝑗 =


∑
𝑘∈N(𝑖 ) 1/𝑙𝑖𝑘 if 𝑖 = 𝑗

−1/𝑙𝑖 𝑗 if 𝑗 ∈ N (𝑖)
0 else

(15)

where N(𝑖) is the neighborhood of the node 𝑖 and 𝑙𝑖 𝑗 is the length

of the segment that connects node 𝑖 and 𝑗 .

These 𝐻𝑝
preconditioners are most effective when their order

2𝑝 exactly matches the energy’s spatial derivatives. For example,

Nicolet et al. [2021] use 𝑝 = 2 to account for their diffusion term,

while Yu et al. [2021a; 2021b] use a fractional differential operator

to match the order of their fractional energy function.

In this regard, having 𝑝 = 1 in the quasi-Newton preconditioner

of Noma et al. [2024] sounds reasonable because the spatial deriv-

ative of the 2D-filling energy in Eq. 1 is second order, due to the

appearance of curvature in its gradient in Eq. 8. However, we re-

veal in Section 4.2 that there is another condition that is forgotten,

hindering the performance (Figure 8).

4 METHOD

We now explain our method to find the volume-filling curve 𝛾★.

We extend the surface-filling energy in Eq. 1 to 3D, and propose

the medial sphere preconditioner that allows faster convergence. We

also describe the parameter choices specifically tailored for knot

untangling.

4.1 Energy

In order to extend the 2D filling curve energy in Eq. 1 to 3D, one

problem is how to extend the the medial axis energy 𝐸𝑀 [𝛾] to 3D.

4
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input

a�er 100 iterations...

Fig. 9. Smaller 𝑟max leads the curve to shrink into a single point, while larger

𝑟max leads the curve to grow outside faster.

The medial axis𝑀𝛾 of a curve 𝛾 is the set of points having more

than one closest point on the curve. In 2D it is a nonmanifold curve,
while in 3D it is a nonmanifold surface.𝑀𝛾 is the local maxima of

the minimum distance function 𝑑 (𝑝,𝛾) = min𝑞∈𝛾 ∥𝑝 − 𝑞∥, and thus

we may impose that if 𝑑 (𝑝,𝛾) is below 𝑟 for every 𝑝 ∈ 𝑀𝛾 , so it is

for every 𝑝 ∈ Ω. In other words, 𝛾 is a space-filling curve if 𝑑 (𝑝,𝛾)
is below 𝑟 for all 𝑝 on the medial axis𝑀𝛾 .

The 2D medial axis energy is

based on the observation that one

may create a surjective mapping

from [0, 𝑙] to𝑀𝛾 represented as𝑚+

and𝑚−
, based on the medial sphere

grown from 𝛾 (𝑠) along n(𝑠) and

−n(𝑠). However, in 3D, the sphere

can be grown along all directions on the unit circle on the bitan-

gent plane 𝑁 (𝑠) (see inset). Let 𝑚(𝛾 (𝑠), 𝑥) be the center position
of the sphere grown from 𝛾 (𝑠) along 𝑥 ∈ 𝑆1 on 𝑁 (𝑠), the function
𝑚 : 𝛾×𝑆1 → 𝑀𝛾 is a surjective function where every point on theme-

dial axis has one or more pairs of 𝛾 (𝑠) ∈ 𝛾 and 𝑥 ∈ 𝑆1. This allows us

to redefine the space-filling condition to have ∥𝛾 (𝑠)−𝑚(𝛾 (𝑠), 𝑥)∥ < 𝑟

for all pairs of (𝑠, 𝑥), leading to our volume-filling energy as

𝐸𝑀 [𝛾] =
∫
𝛾

∫
𝑥∈𝑆1

∥𝛾 (𝑠) −𝑚(𝛾 (𝑠), 𝑥)∥2𝑑𝑥𝑑𝑠. (16)

The total energy thus becomes

𝐸 [𝛾] = 𝐿𝛾 + 𝛼𝐸𝑀 [𝛾], (17)

where the variational derivative is

𝛿𝐸

𝛿𝛾
(𝑠) = − 1

𝑟 (𝑠) n(𝑠) + 𝛼

∫
𝑥∈𝑆1

(𝛾 (𝑠) −𝑚(𝛾 (𝑠), 𝑥)) 𝑑𝑥 . (18)

Discretization. We discretize the gradient of the energy by uni-

formly sampling 𝑁 rays on the unit circle 𝑆1, which we use 𝑁 = 16

as our default parameter. The unit circle is laid on the bitangent

plane at 𝛾𝑖 , which we define by averaging the vector along the in-

coming and outgoing segments. Let x𝑙
𝑖
be the 𝑙-th direction that is

uniformly sampled on the unit circle, 𝜅𝑖 be the discrete curvature at

𝛾𝑖 , and n𝑖 be the curve normal direction at 𝛾𝑖 . With these in hand,

we discretize the gradient of the energy as

𝜕𝐸

𝜕𝛾𝑖
= −𝜅𝑖n𝑖 + 𝛼

2𝜋

𝑁

𝑁∑︁
𝑙=1

(𝛾𝑖 −𝑚(𝛾𝑖 , x𝑙𝑖 )) . (19)

To find out the sphere center𝑚(𝛾𝑖 , x𝑙𝑖 ), we use the same strategy

as Noma et al. [2024] to run a binary search on the ray shot from

𝛾𝑖 along x𝑙
𝑖
. Starting from a large enough step 𝑟max (Figure 9), we

iteratively halve the search range until it finds the largest sphere

flow

Fig. 10. Our preconditioner considers the connectivity that shares the same

medial sphere (black) in addition to the local connectivity of the curve

(orange).

Hessian Quasi-Newton Our preconditioner

Fig. 11. Our medial sphere preconditioner matches the sparsity pattern of

the Hessian, unlike the Quasi-Newton preconditioner of Noma et al. [2024].

The sparsity pattern is measured on the Freedman-He-Wang knot in Figure

1.

where no other nodes on the curve (and the input surface if exists)

are included inside it. This procedure can be done by a closest

point query, where off-the-shelf implementations are fast and robust

enough.

We note that 𝑚(𝛾𝑖 , x𝑙𝑖 ) depends not only on 𝛾𝑖 but also on the

node 𝛾 𝑗 that the medial sphere passes through. Thus, the Hessian of

𝐸𝑀 includes not only diagonal terms 𝜕2𝐸/𝜕𝛾2
𝑖
but also cross terms

𝜕2𝐸/𝜕𝛾𝑖 𝜕𝛾 𝑗 (see Figure 11 left).

4.2 Medial Sphere Preconditioner

We now explain our medial sphere preconditioner. The key intu-

ition is that the preconditioner must respect the sparsity pattern

of the Hessian of the energy (Figure 11) to achieve fast yet robust

convergence.

Recall that the preconditioned gradient descent is discretized as

𝜸𝑘+1 = 𝜸𝑘 − 𝜏P−1g, (20)

where P = L + 𝜆M is the preconditioner where 𝜆 controls the mag-

nitude of higher-order components (Figure 7). Instead of using the

curve Laplacian L that only considers the local connectivity, we use
a modified Laplacian L∗ that considers global interactions (Figure
10). Let M(𝑖) be the set of curve nodes that share the same medial

sphere as 𝑖 , i.e., 𝑗 ∈ M(𝑖) if and only if there exists a vector 𝑥 ∈ 𝑆1

where ∥𝛾𝑖 −𝑚𝑖 (𝑥)∥ = ∥𝛾 𝑗 −𝑚𝑖 (𝑥)∥ or ∥𝛾𝑖 −𝑚 𝑗 (𝑥)∥ = ∥𝛾 𝑗 −𝑚 𝑗 (𝑥)∥.
Then we have the modified Laplacian

L∗ =

˜L∗

˜L∗
˜L∗

 ∈ R3𝑛×3𝑛, (21)
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flow

converged

seconds

    gradient norm vs. wallclock time 

converged

Fig. 12. Our method can untangle a knot from the trefoil100 dataset in 8 seconds without changing the knot group.

where

˜L∗𝑖 𝑗 =


∑
𝑘∈N(𝑖 ) 1/𝑙𝑖𝑘 +∑

𝑘∈M(𝑖 ) 𝛽/𝑙𝑖𝑘 if 𝑖 = 𝑗

−1/𝑙𝑖 𝑗 if 𝑗 ∈ N (𝑖)
−𝛽/𝑙𝑖 𝑗 if 𝑗 ∈ M(𝑖)
0 else

, (22)

and 𝛽 is a coefficient which we set to 𝛽 = 0.01 (Figure 18).

Why is this faster? Let the second-order component of the local

Taylor expansion of 𝐸 (𝜸 ) around 𝜸 = 𝜸𝑘 be

𝐸 (x) = 1

2

x𝑇Hx, (23)

where x = 𝜸 −𝜸𝑘 and H = 𝐷2𝐸 (𝜸 ) is the Hessian of 𝐸. In order to

achieve second-order convergence, it is important for every step

to effectively reduce this energy. As ∇𝐸 (x) = Hx, the steepest

preconditioned gradient step would be

x𝑘+1 = (I − 𝜏P−1H)x𝑘 . (24)

Given that A = P−1H is a symmetric positive semi-definite matrix,

we may expand x𝑘 and x𝑘+1 into its eigenvectors, i.e.,

x𝑘 ≈
∑︁
𝑖

𝑣𝑘𝑖 𝝍𝒊 (25)

where 𝑣𝑘
𝑖
is the component along the 𝑖-th eigenvector 𝝍𝒊 whose

eigenvalue is denoted as 𝜇𝑖 . By considering only the 𝑖-th eigendirec-

tion in Eq. 24 we have

𝑣𝑘+1𝑖 = (1 − 𝜏𝜇𝑖 )𝑣𝑘𝑖 . (26)

To reduce the quadratic energy along every 𝑖 , |1 − 𝜏𝜇𝑖 | < 1 must be

satisfied for every 𝑖 . This is sufficient when the largest eigenvalue
𝜇max satisfies this condition, which can be rewritten as

0 < 𝜏 <
2

𝜇max

:= 𝜏max . (27)

This indicates that the largest admissible stepsize is determined

by the largest eigenvalue of A = P−1H. As larger eigenvalues corre-
spond to high-frequency spectral components, it is important for

P to preserve the same sparsity of H. Our preconditioner has an
identical sparsity pattern to the Hessian (Figure 11), and this allows

larger timesteps compared to the Quasi-Newton scheme (Figure 8).

Why not use the actual Hessian? Another tempting approach is

to use Newton’s method and use the inverse of the Hessian as the

preconditioner. The Hessian is obtained by differentiating Eq. 19,

which contains a term regarding the medial sphere grown from 𝛾𝑖

along x𝑙
𝑖
:

𝑅𝑙𝑖 =
∥𝛾 𝑗 − 𝛾𝑖 ∥2

2x𝑙
𝑖
· (𝛾 𝑗 − 𝛾𝑖 )

. (28)

100
Newton

iterations

However, we observed that Newton’s

method produces spikes on the curve

due to the fractional term approach-

ing infinity, and thus leading the flow

to stall (see inset).

4.3 Timestepping

For each timestep, we apply a backtracking line search equipped

with a continuous collision detection (CCD) to ensure that the curve

does not change its topology each step. We do this by triangulating

the swept surface of the curve with the descent direction d and

checking if this mesh does not cause any global self-intersection

using a standard bounding volume hierarchy. This check guaran-

tees that the topology is preserved, which we show a proof in the

supplemental material.

Following the lead of previous approaches [Noma et al. 2024],

we remesh the curve each timestep so that the curve has equally

spaced segments. We do this by removing segments shorter than a

certain threshold ℎ and subdividing segments longer than 2ℎ. We

empirically found that ℎ < 𝑟/5 is sufficient to keep the flow robust.

4.4 Knot Untangling

Based on the volume-filling curve flow, we build an algorithm that

efficiently untangles knots. As our flow quickly finds an equilibrium

where the curve 𝛾 has equal spacing 𝑟 , it can untangle knots while

maintaining this equal spacing throughout the flow (see Figure 1).

We first compute the average medial sphere size 𝑟avg. Next, we

run a single step of our volume-filling flow with 𝑟 = 𝑟avg and

𝑟max = 0.9𝑟avg. Setting 𝑟max to a smaller value than 𝑟 produces

an external tightening force (Figure 9), leading the curve to shrink

while maintaining an equal spacing (Figure 12). We also use a small

𝜆 = 1 to smoothly untangle the curve without suffering from higher-

order components. Although the flow shrinks the curve into a small

one, for visualization purposes, we may simply scale it so that it

retains the original length of the curve.

We terminate the flow if (1) the 𝐿2 norm of the gradient per node

becomes lower than 5 × 10
−3𝑟 or (2) the number of nodes becomes

6
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Table 1. We report the average runtime and iterations to untangle the

dataset. See the supplemental material for full details.

Dataset #Curves Success Rate Avg. Runtime Avg. #Iters

knot128 128 100 % 8.7 s 720

trefoil100 100 100 % 9.1 s 555

no larger than 10 due to remeshing. Non-trivial knots (e.g., trefoils)

terminate because they reach the simplest state (see Figure 12), while

trivial knots terminate because they contract into a single point due

to small 𝑟max and the number of nodes becomes sufficiently small

(see Figure 9). In the case of (2), we remap the curve onto a planar

circle for visualization.

5 RESULTS

We implemented our algorithm in C++ using Geometry Central

[Sharp et al. 2019] for standard geometric operations, Eigen [Guen-

nebaud et al. 2010] for sparse linear solves, TinyAD [Schmidt et al.

2022] for automatic differentiation, and knn-cpp [Meyer 2019] for

closest point queries. We measured the runtime on a 2021 M1 Mac-

Book Pro with 32 GB of RAM.

5.1 Experiments

We mainly compare the performance of our algorithm to Repulsive

Curves [Yu et al. 2021b], the state-of-the-art algorithm in this task.

While several other algorithms can untangle knots (e.g., KnotPlot

[Scharein 1998] or SONO [Pieranski 1998]), Repulsive Curves is

orders of magnitude faster (see [Yu et al. 2021b, Figure 15]), and

we thus do not perform a full comparison with them. In the follow-

ing experiments, we used the default parameters explained in the

previous sections.

In Figure 3, we measured the runtime of our method compared to

Repulsive Curves [Yu et al. 2021b]. Even when using their multigrid

scheme, the runtime per iteration of our method is orders of magni-

tude faster at the same number of nodes. We also confirmed that the

computational complexity per iteration scales with O(𝑛1+𝑓 ), where
𝑓 > 0 accounts for the Laplacian-like sparse system solve.

This speedup results in faster untangling of the Freedman-He-

Wang knot [1994] (Figure 1), a well-known challenging knot. With a

large timestep 𝜏 = 20, our method can untangle this knot 77x faster

(3 seconds) than Repulsive Curves (230 seconds).

We also ran our algorithm on the knot dataset (knot 128 and tre-

foil 100) in the Repulsive Curves paper [Yu et al. 2021b]. Among the

228 models in the dataset, our method showed a 100% success rate

using our termination condition (Figure 13 and Table 1), while Yu et

al. reported a 87.7% (200/228) success rate. This improved robustness

is thanks to our energy that can avoid curves to get closer than 𝑟

(Figure 4). We also note that our termination condition in Section

4.4 works robustly, where all the non-trivial knots terminated with

condition (1). The only knot terminated with condition (2) was the

only trivial knot in the dataset (knot0001). See the supplemental

material for details on the runtime and termination conditions per

model.

Additionally, our method can untangle Ochiai knots [1990], an-

other set of difficult unknots even in discrete knot theory literature

input

converged

KNOT 0010 KNOT 0020 KNOT 0030KNOT 0030 KNOT 0040 KNOT 0050

KNOT 0060 KNOT 0070 KNOT 0080 KNOT 0090 KNOT 0100

KNOT 0010 KNOT 0020 KNOT 0030 KNOT 0040 KNOT 0050

KNOT 0060 KNOT 0070 KNOT 0080 KNOT 0090 KNOT 0100

Fig. 13. Our method achieved 100% success rate to untangle all the 128

knots from the knot128 dataset [Yu et al. 2021b].

[Burton et al. 2021]. While Repulsive Curves failed to untangle

Ochiai iii and Ochiai iv knots (Figure 4), our method succeeded in

untangling all four trivial knots in the order of seconds (Figure 15).

Convergence time [s] vs. step size  

Ours

Quasi-Newton

Fig. 14. Unlike quasi-Newton [Noma

et al. 2024], our preconditioner

steadily decreases the convergence

time as we increase the step size 𝜏 .

Measured on the Freedman-He-Wang

knot.

We measured the effect

of setting𝜏 to a larger value,

compared to the quasi-

Newton scheme of Noma

et al. [2024]. As shown in

Figure 14, quasi-Newton,

while showing faster run-

time at 𝜏 < 2, exhibits a sig-

nificant increase in runtime

with larger 𝜏 due to numeri-

cal instability (see Figure 8).

In comparison, our precon-

ditioner steadily decreases

the runtime as we increase

the step size.

To justify the choice of the parameter 𝛽 = 0.01 used in our

modified Laplacian L∗, we also measured the effect of changing

it (Figure 18). We observed that 𝛽 = 0, which means not using

our medial sphere preconditioning at all, results in early stalls due

to self-intersections. On the other hand, a larger 𝛽 = 1 leads to

numerical instabilities.

5.2 User Control and Ablations

We measured the effect of our tunable parameters, which allow

additional user control.

The energy weight 𝛼 can control the curve thickness 𝑟 (Figure 6).

Similar to Noma et al. [2024], we observed an empirical correlation

7



SA Conference Papers ’25, December 15–18, 2025, Hong Kong, Hong Kong Yuta Noma, Alec Jacobson, and Karan Singh

OCHIAI IV

OCHIAI II

OCHIAI III

OCHIAI I 0.4 seconds
79 iterations

5.5 seconds
263 iterations

7.5 seconds
207 iterations

75.8 seconds
1141 iterations

flow

Fig. 15. Our method can untangle the Ochiai unknots [1990] that are known

to be challenging.

Fig. 16. Higher 𝜆 achieves higher coverage of the curve at thin regions, at

the cost of having pronounced wriggles.

of 𝑟 ≈ 3.36/
√
𝛼 , allowing the user to obtain a curve with a desired

curve thickness.

The preconditioner weight 𝜆 can control the magnitude of the

higher-order spectral components that lead to pronounced wriggles

(Figure 7). As a result, the user can have a higher 𝜆 to generate a

curve with local entanglement, while a lower 𝜆 to generate global

entanglement.We also observed that lower 𝜆 leads to lower coverage

due to the Laplacian’s smoothing effect on the gradient directions

(Figure 16).

The binary search radius 𝑟max can control the growing speed of

the curve (Figure 9), which could be useful for creating animations.

Finally, the number of ray directions 𝑁 is crucial for runtime, as

the number of closest point queries we need to run is proportional

to 𝑁 (Figure 17). We observed that as we reduce 𝑁 , the runtime

gets shortened at the cost of convergence issues, leading to a lower

success rate in the knot dataset (226/228 with 𝑁 = 8 and 136/228

with 𝑁 = 4) than the full flow (228/228 with 𝑁 = 16, see the

supplemental material). This suggests that a smaller𝑁 could be used

for a preview suitable for trial and error of tweaking the parameters,

while a larger 𝑁 could be used later for the full flow.

Runtime breakdown per iteration gradient norm per node vs. iteration

39 ms

48 ms

68 ms29 ms

16 ms

9
ms

binary search
assembling 

linear solve
line search

others

Fig. 17. Reducing the number of ray directions 𝑁 can reduce the runtime

per iteration, at the cost of causing convergence issues.

Input

self-intersection unstableconverged

Fig. 18. We empirically find that 𝛽 = 0.01 keeps the flow stable, without

causing self-intersections or numerical instability at larger time steps.

6 CONCLUSION AND DISCUSSION

We proposed a volume-filling curve energy and a knot untangling

algorithm that serves as a drop-in replacement of Repulsive Curves

[Yu et al. 2021b], showing significant improvements in speed and

robustness. We extensively showed that our method can untangle

a wide variety of knots quickly and robustly. Our method offers

several tunable parameters, allowing users to guide the design of

the curve.

Our fast, robust, and controllable algorithm could open up a new

design space in motion path planning and computational design.

Our radius control can change the spacing between the curves when,

e.g., visualizing vascular networks (see [Yu et al. 2021b, Fig. 28]).

Another useful scenario would be analyzing protein knots [Hsu

et al. 2024] with our fast and robust flow.

10,000
iterations

A fundamental theoretical

inquiry persists regarding the

empirical relationship between

the curve thickness 𝑟 and the

weighting parameter 𝛼 .

Our flow did not termi-

nate on Haken’s Gordian knot

[Petronio and Zanellati 2016]

even after a sufficient runtime

(see inset). We thus leave this task for future work.

Although we did not resort to any multigrid or parallelization

schemes, applying them could make our algorithm even faster. Es-

pecially, finding the medial axis positions via binary search was the

main bottleneck of our method (Figure 17). Thus, parallelizing the

closest point query on the GPU could potentially lead to a speedup.

Finally, we hope that our volume-filling energy and knot untan-

gling algorithm will help the computer graphics community and

artists to design volume-filling curves interactively and robustly.

8
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